Abstract. We present a new construction of a class pseudo BL-algebras, called kite pseudo BL-algebras. We start with a basic pseudo hoop A. Using two injective mappings from one set, J, into the second one, I, and with an identical copy A with the reverse order we construct a pseudo BL-algebra where the lower part is of the form (A) J and the upper one is A I . Starting with a basic commutative hoop we can obtain even a non-commutative pseudo BLalgebra or a pseudo MV-algebra, or an algebra with non-commuting negations. We describe the construction, subdirect irreducible kite pseudo BL-algebras and their classification.
Introduction
The authors of [GLP] presented pseudo hoops which were originally introduced by Bosbach in [Bos1, Bos2] under the name "residuated integral monoids". Pseudo hoops generalize pseudo BL-algebras [DGI1, DGI2] , pseudo MV-algebras [GeIo] (= GMV-algebras [Rac] ). Pseudo MV-algebras are always intervals in unital ℓ-groups [Dvu1] , i.e. of the form [0, u] , where u is a strong unit. These structures can also be studied in the frame of integral residuated lattices [GaTs] , as every pseudo hoop is a meet-semilattice ordered residuated, integral and divisible monoid.
Pseudo BL-algebras are a non-commutative generalization of BL-algebras introduced in [Haj1] as an algebraic semantics of basic fuzzy logic. Non-commutative versions with a logical background can be found in [Haj2, Haj3] . Pseudo BLalgebras are now intensively studied by many authors also as a special class of pseudo MTL-algebras generalizing MTL-algebras introduced in [EsGo] . In [Dvu2] it was shown that every linear pseudo hoop is an ordinal sum of linear Wajsberg pseudo hoops which have close connections with cones of linear ℓ-groups; this result generalizes analogous one from [AgMo] proved for linear hoops.
Every pseudo BL-algebra gives two negations, left and right one. In [DGI2, Prob 3.21] , it was posed an open problem whether every pseudo BL-algebra is good, i.e. whether these two negations commute. Every pseudo MV-algebras or every linear or representable pseudo BL-algebra is always good, [Dvu2] . The problem was answered in negative in [DGK] where an example originally constructed in [JiMo] was used. This example has initiated an interesting research on so-called kite pseudo BL-algebras, see [DvKo] . The example by Jipsen and Montagna resembles the kite shape therefore, it gave the name for kite pseudo BL-algebras. In [DvKo] , a starting point was an ℓ-group with two injections λ, ρ : J → I and with the positive and negative cones. The algebra with a lower part (G + ) J and an upper part (G + )
I
was called a kite and it is always a pseudo BL-algebra, in special cases a non good one or even a pseudo MV-algebra. If we take into account that the negative cone of each ℓ-group can be viewed as a special kind of a basic pseudo BL-algebra, in the present paper we introduced the kite pseudo BL-algebras starting with basic pseudo hoops. We modified the construction from [DvKo] to this more general situation because there are basic pseudo hoops that are not negative cones of any ℓ-group. In this paper, we extend results from [DvKo] . The ideas of the proofs resemble the original proofs but the present proofs have to be modified to a completely new situation. The basic results are connected with subdirectly irreducible kites, their characterizations and classifications. In particular, we have non-linear kites that are subdirectly irreducible. The present paper gives a new large supply of interesting examples of pseudo BLalgebras, and we hope that it opens a new door into theory of pseudo BL-algebras.
The paper is organized as follows. Section 2 gathers the basic notions and results on pseudo hoops, pseudo BL-algebras and pseudo MV-algebras. Section 3 presents the basic construction of a kite pseudo BL-algebra starting with a basic pseudo hoop. The resulting algebra can be even a pseudo MV-algebra or a pseudo BLalgebra that is not good. Section 4 characterizes subdirectly irreducible kites and we present their classification. In particular, we show that every kite is subdirectly embeddable into a product of subdirectly irreducible kites. Some examples and open problems are presented, too.
Elements of Pseudo Hoops and Pseudo BL-Algebras
According to [GLP] , an algebra A = (A; ·, \, /, 1) of type 2, 2, 2, 0 is a pseudo hoop if the following holds, for all a, b ∈ A
This means that (A; ·, \, /, 1) is a residuated monoid, (i.e. · is associative, with unit element 1, and x · y ≤ z iff y ≤ x\z iff x ≤ z/y for all x, y, z ∈ A). For simplicity, we will write xy instead of x · y. We note that in [GLP] there are used arrows → and which are connected with divisions as follows: y → z = z/y and y z = y\z. A pseudo hoop A is non-trivial if A = {1}. The operations \ and / are called left division (or right residuation) and right division (or left residuation), respectively. We will assume that · has higher binding priority than \ and /, which in turn bind stronger than the lattice connectives.
Then the relation ≤ defined by a ≤ b iff a\b = 1 (iff b/a = 1) is a partial order on A, in addition a ≤ b iff there is c ∈ A such that a = c · b, and A is a ∧-lattice because a ∧ b = (b/a) · a = (a/b) · a = a · (a\b) = b · (b\a) with the top element 1.
By [GLP, Rem 2.3] , the operation · is commutative iff \ = /, and in such a case, A is said to be a hoop.
Let G = (G; ·, −1 , e, ≤) be an ℓ-group (= lattice ordered group) written multiplicatively with an inversion −1 and the identity element e, equipped with a lattice order ≤ such that a ≤ b entails cad ≤ cbd for all c, d ∈ G. We denote G + = {g ∈ G : e ≤ g} and G − = {g ∈ G : g ≤ e} the positive and negative cone, respectively, of G. An element u ∈ G + is said to be a strong unit if given g ∈ G there is an integer n ≥ 1 such that g ≤ u n . A pair (G, u) , where G is an ℓ-group with a fixed strong unit u, is said to be a unital ℓ-group.
For example, let G = (G; ·, −1 , e, ≤) be an ℓ-group. If we endow the negative cone G − with binary operations a · b = ab, a\b = (a −1 b) ∧ e and a/b = (ab −1 ) ∧ e, then (G − ; ·, \, /, e) is an example of a pseudo hoop. A pseudo BL-algebra is a special kind of a pseudo hoop with an additional fixed element 0 introduced in [DGI1, DGI2] ; we present an equivalent definition, see e.g. [DvKo] : An algebra A = (A; ·, \, /, ∧, ∨, 0, 1) of type 2, 2, 2, 2, 2, 0, 0 is a pseudo BL-algebra if (i) (A; ∧, ∨, 0, 1) is a bounded lattice; (ii) (A; ·, ∧, ∨, 1) is a residuated monoid;
We define two negations: x − = 0/x and x ∼ = x\0 of x ∈ A, and we say that a pseudo BL-algebra is good if
For more information about pseudo MV-algebras (equivalently, for GMV-algebras), see [GeIo, Rac] .
For example, if (G, u) is a unital ℓ-group, we endow the set
is an example of pseudo MV-algebras. Due to [Dvu1] , for every pseudo MV-algebra A, there is a unique (up to isomorphism of unital ℓ-groups) unital ℓ-group (G, u) such that A ∼ = Γ(G, u), and (G, u) → Γ(G, u) defines a categorical equivalence between the category of unital ℓ-groups and the variety of pseudo MV-algebras.
It was an open problem in [DGI2, Prob 3.21] whether every pseudo BL-algebra is good, and it was answered in [DGK] in negative. Thus the variety of good pseudo BL-algebras is a proper subvariety of the variety of pseudo BL-algebras.
According to [GLP] , we say that a pseudo hoop A = (A; ·, \, /, 1) is basic if it satisfies the following two conditions:
and by [GLP, Prop 4.10] , the variety of bounded basic pseudo hoops is termwise equivalent to the variety of pseudo BL-algebras. For example, (G − ; ·, \, /, e) is a basic pseudo hoop. It is straightforward to verify that any linearly ordered pseudo hoop and hence any representable pseudo hoop is basic. We notice that not every pseudo hoop is basic, [GLP, Rem 5 .10] (take A 1 a nonlinear pseudo hoop and A 2 = 2 1 , then the ordinal sum A = A 1 A 2 ( denotes ordinal sum) is not basic), and not all pseudo BL-algebras are representable.
We note that according to [GLP] , a special basic hoop is a Wajsberg pseudo hoop A = (A; ·, \, /, 1) such that the following identities hold
We note that a subset F of A is said to be a filter of A if (i) a, b ∈ F implies ab ∈ F , and (ii) a ≤ b, a ∈ F, b ∈ A imply b ∈ F . Any filter of A is a pseudo subhoop of A. A filter F that is a proper subset of A is maximal if there is no other proper filter properly containing
The singleton {1} and A are always normal filters of A. According to [GLP, Prop 3.15] , there is a one-to-one correspondence between normal ideals of a pseudo hoop A and congruences on A: If F is a normal ideal, then ≈ F , defined by a ≈ F b iff a\b, b\a ∈ F , is a congruence; conversely, if ≈ is a congruence, then F ≈ = {a ∈ A : a ≈ 1} is a normal filter of A. Hence, to prove that a pseudo hoop A is subdirectly irreducible, it is equivalent to prove that it is either trivial or it contains the least non-trivial normal filter F = {1}.
Construction of Kite Pseudo BL-algebras
Motivating by [DvKo] , we present a new construction of kite pseudo BL-algebras starting now with basic pseudo hoops instead of ℓ-groups. We show that in particular cases we can obtain pseudo MV-algebras or pseudo BL-algebras which are not good.
Take two index sets J and I such that |J| ≤ |I| and let λ, ρ : J → I be injections. Notice that the case J = I is not excluded.
Suppose that A = (A; ·, \, /, 1) is a basic pseudo hoop. We denote by A an identical copy of A whose elements are of the formā for all a ∈ A, that is A := {ā: a ∈ A}. We assume thatā =b iff a = b.
We define two special elements 0 =1 J := 1 j : j ∈ J and 1 = 1 I := 1 i : i ∈ I , where 1 i = 1 = 1 j for all j ∈ J and i ∈ I. The elements of A I will be denoted by a i : i ∈ I and ones of (A) J by f j : j ∈ J , where a i , f j ∈ A for all j ∈ J and i ∈ I. We set (A) J ⊎ A I as a disjoint union with a lower part (A) J and an upper part A I . We order A I by the coordinate ordering and f j : j ∈ J ≤ ḡ j : j ∈ J iff g j ≤ f j for all j ∈ J, and let x ≤ y for all x ∈ A J and y ∈ A I . So that the universe (A) J ⊎ A I is a bounded lattice. We define a multiplication on (A) J ⊎ A I as follows
Divisions, \ and /, are defined by
where
Without any unambiguous problems, we use the same notations for multiplications and divisions in the basic pseudo hoop as well as in (A)
, where ·, \, /, ∧, ∨, 0, 1 were defined above, is a pseudo BL-algebra.
Proof. As it was mentioned, (A)
J ⊎ A I is a bounded lattice with 0 = 1 j : j ∈ J and 1 = 1 i : i ∈ I . To show that multiplication is associative, we observe that if triples are from A I , then multiplication is associative, the same is true if triples are from (A) J . If triples involve at least two elements from (A) J , they associate because both products equal 0. The remaining inspection is to verify cases when one element of the triple is from (A) J and two from A I . One such case is the following; here we use the fact that, for x, y, z ∈ A, we have x\(y/z) = (x\y)/z, see e.g. [GaTs, Lem 2.1(vii) 
The rest follows similar reasonings. It is clear that 1 = 1 i : i ∈ I is a neutral element for multiplication.
It is straightforward to verify that \ and / are residuation operators. Now we verify divisibility. We show the following case
but, observe that ρ −1 (ρ(j)) is always defined and equals j, so calculating further we obtain a ρ(j) = f j /g j and a ρ(j) \f j : j ∈ J = (f j /g j )\f j : j ∈ J = f j ∨ g j : j ∈ J = f j : j ∈ J ∧ ḡ j : j ∈ J . In the same way we proceed for the dual identity. Now we show prelinearity. If both elements x, y are from A I , prelinearity holds due to coordinatewise calculations and due to prelinearity of the basic pseudo hoop [GLP, Lem 4.5] . If x ∈ A I and y ∈ (A) J or y ∈ A I and x ∈ (A) J , prelinearity holds trivially. We have to verify only the following case
which yields two cases: (1) if ρ −1 (i) is defined, we have
Summarizing all steps, we see that the algebra in question is a pseudo BL-algebra as was claimed.
If the set J is a singleton, |I| = 2 and A = Z − , where Z is the group of integers, the universe of the corresponding pseudo BL-algebra resembles the shape of a kite, and similarly as in [DvKo] , the corresponding algebra K λ,ρ I,J (A) = ((A) J ⊎ A I ; ·, \, /, ∧, ∨, 0, 1) is said to be a kite pseudo BL-algebra corresponding to the basic pseudo hoop A, or simply a kite. The kite pseudo BL-algebra corresponding to an ℓ-group G studied in [DvKo] is a special case of our situation when the basic pseudo hoop A is the basic pseudo hoop corresponding to the negative cone G − , i.e., A = (G − ; ·, \, /, e). Therefore, using these negative cones, sets J, I and injective mappings λ, ρ : J → I, we can obtain a much larger supply of kite pseudo BL-algebras than the class of kites using only negative cones.
We obtain a special example of kites if A = {1}, then K λ,ρ I,J (A) is a two-element Boolean algebra. The same is true for the kite K ∅,∅ ∅,∅ (A) for any basic pseudo hoop A.
Now we show that the kite pseudo BL-algebra can be also a pseudo MV-algebra. Proof. To show that K λ,ρ I,J (A) is a pseudo MV-algebra, it is necessary to show that
In the same way we proceed with x = f j : j ∈ J . Now we characterize kites which are good pseudo BL-algebras and pseudo MValgebras, respectively. As it was already mentioned, there was an open problem in [DGI2] whether every pseudo BL-algebra is good, and it was answered negatively in [DGK] . Here we present another class of pseudo BL-algebras that are not good. In addition, x −∼ = x i : i ∈ I , where
and x ∼− = y i : i ∈ I , where
Now, if x = f j : j ∈ J , we have x −∼ = ḡ j : j ∈ J , where
and x ∼− = h j : j ∈ J , where
Hence, if λ(J) = ρ(J), the kite pseudo BL-algebra K λ,ρ I,J (A) is good. Conversely, assume that the kite pseudo BL-algebra K λ,ρ I,J (A) is good, and let λ(J) = ρ(J). Take x = a i : i ∈ I where each a i = 1. There is an i ∈ I such that either λ −1 (i) or ρ −1 (i) is not defined. Equivalently, x i = 1 and x i = a i or y i = 1 and y i = a i . Hence, λ(J) = ρ(J).
(2) If λ(J) = I = ρ(J), then K λ,ρ I,J (A) is a pseudo MV-algebra by Proposition 3.2. Conversely, let the kite pseudo BL-algebra K λ,ρ I,J (A) be a pseudo MV-algebra. Since every pseudo MV-algebra is good, by the first part of the present proof, we have λ(J) = ρ(J). Now assume that there is an i ∈ I \ λ(J). Then both λ −1 (i) and ρ −1 (i) are not defined, whence x i = 1 = y i = a i which contradicts the property
Subdirectly Irreducible Kite Pseudo BL-algebras
In this section we describe and classify subdirectly irreducible kite pseudo BLalgebras. We show that subdirectly irreducible algebras can be found only among those kites where both sets are at most countably infinite. Our results generalize analogous ones from [DvKo] and, in many situations, the proofs are similar or inspired by original ones from [DvKo] .
Let K λ,ρ I,J (A) be a kite and α a cardinal. An element a i : i ∈ I is said (i) α-dimensional if |{i ∈ I : a i = 1}| = α, (ii) finite-dimensional if it is α-dimensional for some finite cardinal α. In the analogous way we say that f j : j ∈ J is α-dimensional or finite-dimensional. Proof.
(1) Since the multiplication and ordering are in A I defined by coordinates, it is clear that A I is a filter. To show that A I is normal, we establish that it is closed under conjugations y\xy by elements from (A) J . Thus if x = a i : i ∈ I and y = f j : j ∈ J , then xy ∈ (A) J and y\xy ∈ A I . The same is true for right conjugates. To show that A I is maximal, take y = f j : j ∈ J . Then the filter of the kite generated by A I and the element y, F (A I , y), is the set {a ∈ K λ,ρ I,J (A) : hy n ≤ a for some integer n ≥ 0 and h ∈ A I }, where y 1 = 1 and y n+1 = y n y. We see that To prove the normality, we use again left and right conjugates. Take an element f j : j ∈ J and consider x = f j : j ∈ J \ a i : i ∈ I · f j : j ∈ J for some a i : i ∈ I ∈ F I . This is equal to b i : i ∈ I , where
otherwise.
By [GLP, Lem 2.5(16) ], we have a λ(ρ −1 (i)) ≤ b i so that b i ∈ F and consequently, x ∈ F I . In the same way we can prove that F I is closed also under the right conjugates f j : j ∈ J · a i : i ∈ I / f j : j ∈ J which proves that F I is normal. In the analogous way we prove that also F I f is a normal filter. The following statement shows that the subdirectly irreducible kites can appear only from subdirectly irreducible basic pseudo hoops. Proof. If A = {1}, the statement is evident. Now, let A be non-trivial. Suppose the converse, that is, A is not subdirectly irreducible. We can find a family {F t : t ∈ t} of non-trivial normal filters of A, such that t∈T F t = {1}. By Lemma 4.1, F I t is a normal filter of K λ,ρ I,J (A) for all t ∈ T . Suppose a i : i ∈ I belongs to F I t for each t ∈ T . Then, for any coordinate k ∈ I, we have that a k ∈ F t for all t ∈ T , which gives a k = 1. Therefore, t∈T F I t = {1}, showing that the set {F For the next result we need the following notion originally introduced in [DvKo] . We say that elements i, j ∈ I are connected if there is an integer m ≥ 0 such that
otherwise, i and j are said to be disconnected. The relation i and j are connected is an equivalence on I. We call this equivalence class a connected component of I. We denote by C(I) the set of all connected components of I.
It is noteworthy to recall that if C is a connected component of
In the same way we prove the opposite inclusion. In particular, we have that λ −1 (i) and ρ −1 are defined for all i ∈ I. In particular, we have
). The proof of the following theorem follows the basic steps from the proof of [DvKo, Thm 5.5 ]. (1) A is subdirectly irreducible and for all i, j ∈ I there exists an integer m ≥ 0 such that shows that for an element u = a, 1, . . . , one of the following must be the case:
Re-numbering I if necessary, we may assume that a occurs in the m-the co-ordinate. By taking appropriate finite meets, it follows that every element of N I f can be generated, which proves the implication.
(2) ⇒ (1) By Lemma 4.2, we can assume A is subdirectly irreducible. Then, suppose there are i, j ∈ I such that for all m ∈ N we have (ρ • λ −1 ) m (i) = j and (λ • ρ −1 ) m (i) = j. Now, let I 0 and I 1 be connected components of I such that i ∈ I 0 and j ∈ I 1 . Clearly, I 0 and I 1 are disconnected, that is, no member of I 0 is connected to any member of I 1 . We will prove that N I0 ∩ N I1 = {1}, from which it follows immediately that K λ,ρ I,J (A) is not subdirectly irreducible. In fact, it suffices to show that for an element u = u i : i ∈ I such that u i = 1 for all i / ∈ I 0 , and for any element b, the conjugate b\ub has (b\ub)(i) = 1 if i / ∈ I 0 , and the same holds for bu/b. Take b = b j : j ∈ J . We have
otherwise. Now, by assumption u i = 1 for i / ∈ I 0 , and by connectedness, λ(ρ −1 (i)) / ∈ I 0 if i / ∈ I 0 . Therefore, c i can be different from 1 only if i ∈ I 0 , and thus b\ub is of the required form. The claim for the other conjugate follows by symmetry.
The proof of the following lemma is identical with the proof of [DvKo, Lem 5.6 ], therefore, we omit it here. 
In what follows, we show that for I and J infinite, the subdirect irreducibility of the kite K λ,ρ I,J (A) implies I is at most countable. Proof. First, observe that if I \ λ(J) ∪ ρ(J) is nonempty, then any j ∈ λ(J) ∪ ρ(J) is disconnected from any i ∈ I \ λ(J) ∪ ρ(J) . Therefore, I = λ(J) ∪ ρ(J). It follows that I is countable iff J is. Suppose I and J are uncountable and pick an i ∈ I. Consider the set
n ≥ 0}. Clearly P (i) is at most countable; so there is a j ∈ I \ P (i). But P (i) exhausts all finite paths of back-and-forth alternating λ and ρ beginning from i. Then, i and j are disconnected, contradicting Theorem 4.3. Now we present two consequences; for their detailed proofs see [DvKo, Lem 5.8, Thm 5.9] . Lemma 4.6. Let K λ,ρ I,J (A) be a subdirectly irreducible kite of non-trivial A with countably infinite I and J. Then, one of the following three cases must obtain:
(1) λ and ρ are bijections.
(2) λ is a bijection and |I \ ρ(J)| = 1. (3) ρ is a bijection and |I \ λ(J)| = 1.
We present a classification of subdirectly irreducible kite pseudo BL-algebras. Corollary 4.12. Let K be the variety generated by all kites. Then K is generated by all subdirectly irreducible kites.
Theorem 4.11 and Corollary 4.12 can be strengthened in the same way as in [DvKo, Thm 6.5, Cor 6.6 ]. Since their proofs follow the same basic steps as those in [DvKo] , we recommend to consult [DvKo] for details of their proofs, if necessary.
Let A be a basic pseudo hoop. We introduce the following notions. A kite K λ,ρ I,J (A) will be called n-dimensional if |I| = n ∈ N, and finite-dimensional if it is n-dimensional for some n. We write K n for the class of all n-dimensional kites and K n for the variety generated by K n .
Theorem 4.13. The variety K is generated by all finite-dimensional kites.
Corollary 4.14. The variety K generated by all kites is the varietal join of varieties K n generated by n-dimensional kites. Briefly,
Finally, we formulate two problems. Let V be a family of bounded pseudo hoops, λ, ρ : J → I be given. (2) Describe the variety generated by all kites corresponding to all basic pseudo hoops A ∈ V.
Conclusion
We have presented a new construction of pseudo BL-algebras starting with a basic pseudo hoop, two sets, I and J, and with two injections λ, ρ : J → I. This construction, Theorem 3.1, is a generalization of that from [DvKo] , where the starting point was a special kind of a basic pseudo hoop -the negative cone of an ℓ-group. It is interesting to note that even from a commutative hoop, we can obtain a non-commutative pseudo BL-algebras. We have characterized cases when the resulting algebra is a pseudo BL-algebra or a good pseudo BL-algebra, Theorem 3.3.
We have classified subdirectly irreducible kites, Theorem 4.7, and we have shown that subdirectly irreducible kites can be found only among those kites with J and I at most countable, Lemma 4.5. We have characterized subdirectly irreducible kites with respect to subdirect irreducibility of the starting basic pseudo hoop, Theorem 4.3, and we have shown an analogue of the Birkhoff Subdirect Representation Theorem for kites, Theorem 4.11. This paper gives a method of constructing a new large class of interesting examples of kite pseudo BL-algebras and opens a new window into theory of pseudo BL-algebras.
